ABSTRACT. We define a nondegenerate Monge-Ampère structure on a 6-dimensional manifold as a pair (Ω, ω), such that Ω is a symplectic form and ω is a 3-differential form which satisfies ω ∧ Ω = 0 and which is nondegenerate in the sense of Hitchin. We associate with such a pair a generalized almost (pseudo) Calabi-Yau structure and we study its integrability from the point of view of Monge-Ampère operators theory. The result we prove appears as an analogue of Lychagin and Roubtsov theorem on integrability of the almost complex or almost product structure associated with an elliptic or hyperbolic Monge-Ampère equation in the dimension 4. We study from this point of view the example of the Stenzel metric on T * S 3 .
INTRODUCTION
A Monge-Ampère equation is a differential equation which is nonlinear in a very specific way: its nonlinearity is the determinant one. In the dimension 2, such an equation can be written as
where A, B,C, D and E are smooth functions on the jet space J 1 R 2 . This equation is said to be symplectic if these coefficients are actually functions on the quotient bundle J 1 R 2 /J 0 R 2 , which can be identified with the cotangent bundle T * R 2 . The Monge-Ampère operators theory proposed by Lychagin ([L] ) associates to each symplectic Monge-Ampère equation on an n-dimensional manifold M a pair of differential forms (Ω, ω) on the cotangent bundle T * M , where Ω is the canonical symplectic form and ω ∈ Ω n (T * M) is an Ω-effective form, i.e. ω ∧ Ω = 0. To be more precise, the symplectic Monge-Ampère equation associated with such a pair (Ω, ω) is the differential equation (2) is a lagrangian submanifold L of (T * M, Ω) on which ω vanishes. L is locally the graph of a section d f : M → T * M with f solution of (2) if and only if the projection L → M is locally a diffeomorphism.
Generalizing this notion, we define a symplectic Monge-Ampère structure on a 2n-dimensional X as a pair of differential forms (Ω, ω), Ω ∈ Ω 2 (X ) being symplectic and ω ∈ Ω n (X ) being Ω-effective. In the dimension n = 2, if ω is nondegenerate (i.e. the pfaffian pf(ω) = ω∧ω Ω∧Ω is non zero), the equality ω | pf(ω)| = Ω(A ω ., .)
defines a section A ω : X → T X ⊗ T * X which is either an almost complex structure (A 2 ω = −Id) or an almost product structure (A 2 ω = Id) on X . Lychagin and Roubtsov gave in [LR1] a necessary and sufficient condition for A ω to be integrable:
From the point of view of differential equation (i.e. the local point of view), this result can be formulated as follows:
To classify the symplectic Monge-Ampère equations with constant coefficients in the dimension 3, Lychagin and Roubsov introduced a quadratic invariant q ω associated with each effective 3-form ω ( [LR3] ). Hitchin has defined a linear invariant K ω associated with each 3-form ω ( [Hi] ) in order to study the geometry of 3-dimensional Calabi-Yau manifolds. We show that these two invariants coincide in the effective case (proposition 3.9) . This remark allows us to combine Lychagin, Roubtsov and Hitchin works to demonstrate a result analogous to 1.1 and 1.2 in the dimension 3. Let us introduce some notations to state this result. We suppose that our 3-form ω ∈ Ω 3 (X 6 ) is nondegenerate in the Hitchin sense. The Hitchin pfaffian λ(ω) is then nonzero and ω can be decomposed in an unique way as a sum of two complex decomposable 3-forms: ω = α + β. Following Hitchin, we denote byω the dual form associated with ω. We associate to the pair (Ω, ω) ∈ Ω 2 (X 6 ) × Ω 3 (X 6 ) a geometric structure on X which we call generalized almost Calabi-Yau structure. This structure is essentially composed of a (pseudo) metric q ω , an almost complex structure or almost product structure K ω which is compatible with q ω and Ω and two decomposable 3-forms whose associated distributions are distributions of K ω eigenvectors. We extend Hitchin's results to demonstrate the analogous of 1.1: Proposition 1.3. The generalized almost Calabi-Yau structure
is "integrable" if and only if
We demonstrate then the local version of this proposition: Theorem 1.4. A symplectic Monge-Ampère equation in the dimension 3 associated with a nondegenerate Monge-Ampère structure (Ω, ω) is symplectically equivalent to one of these three equations
Our motivation is to generalize the notion of "special lagrangian submanifolds" in the dimension 3. These were first introduced by Harvey and 
Calibrated submanifolds are volume-minimizing in their homology classes. The real form Re(α) with α = dz 1 ∧ . . . ∧ dz n is an example of n-calibration on C n and Re(α)-calibrated submanifolds are said to be special lagrangian. This notion of special lagrangian calibration can be generalized on Calabi-Yau manifolds, i.e. Kähler manifolds endowed with an holomorphic volume form α ∈ Ω n,0 (Y ) such that α ∧ α Ω n is constant, Ω being the Kähler form. These special lagrangian submanifolds attracted a lot of attention of many mathematicians in the last few years after Strominger, Yau and Zaslow proposed a geometric construction of mirror manifolds based on the conjecture of existence of toric special lagrangian fibration ( [SYZ] ).
Gromov noted in a discussion with Roubtsov that the Monge-Ampère structures can be seen as an analogue of the calibrations. Effective forms correspond to calibrations and lagrangian submanifolds correspond to calibrated submanifolds. Moreover, special lagrangian submanifolds are in the intersection of these two approach. Harvey and Lawson have shown that special lagrangian submanifolds of (C n , Re(α)) are actually the generalized solutions of the differential equation associated with the Monge-Ampère structure (Ω, Im(α)) with
In the dimension 3 this equation is
Our aim is to show that the problem of local equivalence of Monge-Ampère equations in the dimension 3 is the local expression of the problem of integrability of some geometrical structures that generalize in a very natural way the Calabi-Yau structure. This approach gives a different description of Calabi-Yau manifolds, seeing them more as symplectic manifolds than as complex manifolds.
In the first section we recall the Lychagin's approach to Monge-Ampère equations. We study as an example Chynoweth-Sewell's equations which come from the "semigeostrophic" model of athmosphere dynamics. We remark that they are all equivalent to the classic Monge-Ampère equation hess( f ) = 1. In the second section we adapt Hitchin's works on 3-forms to the effective case. In the last section, we define the notion of generalized almost Calabi-Yau structure and demonstrate the theorem 1.4. We study as an example the Stenzel metric on T * S 3 .
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EFFECTIVE FORMS AND MONGE-AMPÈRE OPERATORS
Let (V, Ω) be a symplectic 2n-dimensional vector space over R and Λ * (V * ) the space of exteriors forms on V . Let Γ : V → V * be the isomorphism determined by Ω and let X Ω ∈ Λ 2 (V ) be the unique bivector such that Γ * (X Ω ) = Ω.
Following Lychagin (see [L] ), we introduce the operators ⊤ :
We will say that a k-form ω is effective if ⊥ω = 0 and we will denote by Λ k ε (V * ) the vector space of effective k-forms on V . When k = n, ω is effective if and only if ω ∧ Ω = 0.
The next theorem explains the fundamental role played by the effective forms in the theory of Monge-Ampère operators (see [L] ): Theorem 2.1 (Hodge-Lepage-Lychagin).
(1) Every form ω ∈ Λ k (V * ) can be uniquely decomposed into the finite sum Let M be an n-dimensional smooth manifold. Denote by J 1 M the space of 1-jets of smooth functions on M and by
x the natural section associated with a smooth function f on M. The Monge-Ampère operator
Let U be the contact 1-form on J 1 M and X 1 be the Reeb's vector field. Denote by
is a 2n-dimensional symplectic vector space and
A generalized solution of the equation
and that L is locally the graph of a section j 1 ( f ), where f is a regular solution of the equation ∆ ω ( f ) = 0, if and only if the projection π :
We will denote by Ω * (C * ) the space of differential forms vanishing on X 1 . In each point x, (Ω k (C * )) x can be naturally identified with Λ k (C(x) * ). Let Ω * ε (C * ) be the space of forms which are effective on (C(x), dU x ) in each point x ∈ J 1 M. The first part of the theorem 2.1 means that
where I C is the Cartan ideal generated by U and dU . The second part means that two differential n-forms ω and θ on J 1 M determine the same Monge-Ampère operator if and only if ω − θ ∈ I C . Ct(M), the pseudo-group of contact diffeomorphisms on J 1 M, naturally acts on the set of Monge-Ampère operators in the following way
and the corresponding infinitesimal action is
We are interested in a more restrictive class of operators, the class of symplectic operators. These operators satisfy
Let T * M be the cotangent space and Ω be the canonical symplectic form on it. Let us consider the projection β : J 1 M → T * M, defined by the following commutative diagram: 
2 z 2 is a solution of (4) for the particular case γ = 0 when F is a solution of hess(F) = 1. For instance,
is a solution of (4) when γ = 0. The effective form associated with (4) is
where (x, y, z, p, q, h ) is the canonical coordinates system of T * R 3 . This form is clearly the sum of two decomposable 3-forms:
In other words, Chynoweth-Sewell's equations are symplectically equivalent to the equation
It is easy to check that
is a regular solution of (5). Therefore,
is an example of generalized solution of (4) with
3. THE GEOMETRY OF EFFECTIVE 3-FORMS IN THE DIMENSION 6 3.1. The action of SL(6, R) on Λ 3 (R 6 ). We recall first Hitchin's results on the geometry of 3-forms. Let V be a 6-dimensional real vector space. We denote by
the isomorphism induced by the exterior product and we fix a volume form θ on V . The linear map
Definition 3.1. The Hitchin pfaffian of a 3-form
ω ∈ Λ 3 (V * ) is λ θ (ω) = 1 6 Tr(K θ ω • K θ ω ).
If λ θ (ω) is nonzero then ω is said to be nondegenerate.
Proposition 3.2 (Hitchin) . Let ω ∈ Λ 3 (V * ) be nondegenerate. Then, 
Definition 3.4 (Hitchin). Let ω be a nondegenerate 3-form on V . The dual formω is
(
To conclude we remark that the exterior product defines a symplectic form on
and that the action of SL(6) is hamiltonian:
Proposition 3.5 (Hitchin) . The action of SL (6) 
(see for instance for instance [HL] ). Let us see the sphere S 6 as a submanifold of E 7 and let us consider the form ω ∈ Ω 3 (S 6 ) defined by
Let θ be the volume form defined by the metric induced on S 6 . A straightforward computation shows that λ θ (ω) = −1.
Therefore K θ ω is an almost complex structure on S 6 . This almost complex structure is in fact already known. It actually coincides with the almost complex structure
with x ∈ S 6 and Y ∈ T x S 6 = Y ∈ E 7 :< x,Y >= 0 . This almost complex structure is not integrable ( [HC] ).
The action of SP(3) on Λ 3
ε (V * ). We assume now that V is a 6-dimensional symplectic vector space. We fix θ = − 1 6 Ω 3 with Ω the symplectic form on V . We denote λ = λ θ , K = K θ and Θ = Θ θ . ω ∈ Λ 3 (V * ) is said to be effective if Ω ∧ ω = 0. We denote by Λ 3 ε (V * ) the space of effective 3-forms. (Λ 3 ε (V * ), Θ) is a symplectic subspace of (Λ 3 (V * ), Θ) since, according to the Hodge-Lepage-Lychagin theorem, any 3-form ω admits the decomposition
with ω 0 effective.
Denote by sp(3) the Lie algebra of SP(3) = SP(Ω).
A straightforward comuptation shows the following lemma.
Lemma 3.7. Let ω be a 3-form on V . ω is effective if and only if K(ω) ∈ sp(3).

Corollary 3.8. The action of SP(3) on (Λ
Lychagin and Roubtsov have defined an other invariant q ω ∈ S 2 (V * ) associated with one effective 3-form ω ( [LR3] ). It is natural to ask what is the link between these two invariants. The quadratic form q ω is defined by
In fact, this invariant gives us the roots of the characteristic polynom of i X ω:
Using this invariant, Lychagin and Roubtsov have listed the different orbits of the action of SP(3) on Λ 3 ε (V * ). This list has been completed by the author in [Ba1] and is summed up in table 1.
Computing q ω and K ω for each normal form and using their invariant properties, we can check the following: Proposition 3.9. Let ω be an effective 3-form on V . Then
Remark 3.10. The Lie algebra (sp(3), [ , ] ) can be naturally identified with the Lie algebra (S 2 (V * ), { , }) where { , } is the Poisson bracket associated with Ω. q : Note that a generalized Calabi-Yau structure is a Calabi-Yau structure if and only if the metric is definite positive and K is a complex structure. For instance, on R 6 , the generalized Calabi-Yau structure associated with the equation
then the moment map of the hamiltonian action of SP(3) on
The generalized Calabi-Yau associated with the equation
is the pseudo Calabi-Yau structure
The generalized Calabi-Yau structure associated with the equation
is the "real" Calabi-Yau structure
A manifold endowed with a "real" Calabi-Yau structure is the analogue of a "MongeAmpère manifold" in the Kontsevich and Soibelman sense ([KS] 
F being a smooth function satisfying
In the "real" Calabi-Yau case we have such a potential F:
and det [Ba2] for more details).
Let (Ω, ω) be a Monge-Ampère structure with λ(ω) = ±1. Since dω = dω = 0 if and only if dα = dβ = 0, we have the obvious proposition: 4.2. Nondegenerate Monge-Ampère equations. Let us come back now to the differential equation associated with a nondegenerate Monge-Ampère structure (Ω, ω) on a 6-dimensional manifold X . It is natural to ask if this equation is locally symplectically equivalent to one of these:
According to table 1, it will be the case if and only if (Ω, ω) is locally constant. The following theorem gives a criterion using the generalized Calabi-Yau structure associated. 
if and only if the generalized Calabi-Yau structure associated is integrable and flat.
We refer to [Ba2] for the proof. The idea is that the integrability condition implies the existence of a "generalized" Kähler potential and the flat condition allows us to choose a Darboux coordinates system in which this potential has a nice expression.
Lychagin and Roubtsov have proved an equivalent theorem in [LR3] using technics of formal integrability. Theorem 4.6 is more restrictive since it only concerns nondegenerate Monge-Ampère equations but it is worth mentioning that its statement and its proof are much more simple and that it has a nice geometric meaning.
We sum up in table 2 the correspondance between (pseudo) Calabi-Yau structures and ellipic Monge-Ampère structures.
Example 4.7. There are very few explicit examples of Calabi-Yau metrics. One of these is the Stenzel metric on T * S n (see for instance [A] , [St] ). This metric is not flat, therefore the special lagrangian equation associated with is not the classical one. T * S n = (u, v) ∈ R n+1 × R n+1 : u = 1, < u, v >= 0 can be seen as the complex manifold Q n = z ∈ C n+1 : z 2 1 + . . . + z 2 n+1 = 1 using the isomorphism ξ(x + iy) = ( x 1 + y 2 , y).
The holomorphic form is then α z (Z 1 , . . . , Z n ) = det C (z, Z 1 , . . . , Z n ).
and the Kähler form is Ω = i∂∂φ with φ = f (τ) where τ is the restriction to Q n of |z 1 | 2 + . . . + |z 2 n and f is a solution of the ordinary differential equation 
Note that it is difficult to explicit this equation and it doesn't seem possible to write it in a simple way.
To resume, we have defined the generalized Calabi-Yau structures in order to study an equivalence problem for Monge-Ampère equations. The author hopes that their construction is enough "natural" to have a physical meaning. It is actually natural to ask if the generalized Calabi-Yau manifolds have also mirror partners and if this mirror conjecture can be formulated in terms of Monge-Ampère equations. 
